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Abstract. We have applied the density matrix and second-order perturbation
theory in order to re-analyze the two-photon decay of hydrogen-like ions for the
polarization of emitted light. Special attention is paid to the linear polarization
of one of the photons, while the spin state of the second photon is supposed to
be unobserved. For such an “angle-polarization” correlation of the two photons
we investigate the contributions that arise from non electric-dipole terms in the
expansion of the electron-photon interaction. Detailed calculations are performed
for the 2s1/2 → 1s1/2 and 3d5/2 → 1s1/2 transitions in neutral hydrogen as well
as in hydrogen-like uranium.
1 Introduction
Since the seminal work of Go¨ppert-Mayer [1], the two-photon decay of one- and few-electron
atoms has been the subject of intense studies, both by experiment [2–4] and theory [5–12].
For many years, these investigations have dealt not only with the total and energy-diﬀerential
transition rates but also with the angular correlations between the emitted photons. Today,
much of the present interest is focused on the polarization properties of the photons whose
quantum correlations may reveal unique information about the electronic structure of the ions
as well as about the entanglement in such systems [13–15]. Up to the present, however, most
investigations on the polarization of the correlated photons have been carried out for the (two-
photon) decay of neutral hydrogen or low-Z ions. Less attention, in contrast, has been paid
so far to the high-Z domain. First experiments on the polarization of the x-ray photons from
heavy ions is likely to be carried at the GSI in Darmstadt where signiﬁcant progress has been
made recently in the development of x-ray polarization detectors [16,17]. By making use of these
detectors it will become possible in the near future to measure not only (i) the polarization of
only one photon that is observed in coincidence with the other one but also (ii) the correlated
spin state of the two photons (i.e. the polarization entanglement).
In this contribution, we apply the density matrix theory to re-analyze the two-photon decay
of hydrogen-like ions for the polarization properties of the emitted photons. Although the den-
sity matrix approach provides an eﬃcient way to treat both, the (i) “angle-polarization” and
(ii) “polarization-polarization” (i.e. entanglement) two-photon correlations mentioned above,
here we restrict ourselves to the ﬁrst scenario in which the polarization properties of one pho-
ton is analyzed, provided that the second photon is recorded under a given direction but without
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that its spin state is observed. For such a simpliﬁed two-photon polarization scenario, the basic
relations are discussed in Section 2. There, we also give a brief account on the (relativistic)
second-order perturbation theory that is utilized to calculate the two-photon transition ampli-
tudes. Making use of these amplitude, we then derive the spin density matrix for one of the
emitted photons and parameterize such a matrix in terms of polarization Stokes parameters.
For the 2s1/2 → 1s1/2 and 3d5/2 → 1s1/2 two-photon transitions, moreover, we also provide
simpliﬁed expressions for the Stokes parameters as obtained within the non-relativistic dipole
approximation. In Section 3, we employ these expressions together with the results from our rig-
orous relativistic calculations in order to analyze the polarization properties of the two-photon
decay of neutral hydrogen and hydrogen-like uranium. These computations demonstrate that,
for high-Z ions, the higher multipoles in the expansion of the electron-photon interaction lead
to a slight reduction of the linear polarization of the emitted photons; an eﬀect which becomes
important only for unequal energy sharing between the two photons. Finally, a brief summary
is given in Section 4.
2 Theoretical background
2.1 Two-photon transition amplitude
Not much has to be said about the basic formalism for studying the two-photon decay in
hydrogen-like ions. In the past, this formalism has been widely applied to explore not only the
total decay rates [6,10] but also the angular correlations of the emitted photons [11]. Usually, the
analysis of these properties can be traced back to the evaluation of the bound-bound transitions
amplitude which, in second-order perturbation theory, is given by:
Mfi(µf , µi, λ1, λ2) =
∑∫
ν
〈ψnf jfµf |αu∗λ1 e−ik1r|ψν〉〈ψν |αu∗λ2 e−ik2r|ψnijiµi〉




〈ψnf jfµf |αu∗λ2 e−ik2r|ψν〉〈ψν |αu∗λ1 e−ik1r|ψnijiµi〉
Eν − Ei + Eγ1
. (1)
In this expression, the transition operator αuλi e
ikir describes the (relativistic) electron-photon
interaction and the unit vectors uλi the polarization of the individual photons. Within the
relativistic theory, moreover, the energies Ei and Ef and the wave functions ψnijiµi(r) and
ψnf jfµf (r) are obtained from Dirac’s equations for a singly bound electron in the ﬁeld of the
nucleus [18]. Because of energy conservation, Ei and Ef are related to the energies Eγ1,2 of the
emitted photons by:
Ei −Ef = Eγ1 + Eγ2 . (2)
From this relation, it is convenient to deﬁne the so-called energy sharing x = Eγ1/(Eγ1 +Eγ2),
i.e. the fraction of the energy which is carried away by the “ﬁrst” photon.
The summation over the intermediate states in the second-order transition amplitude (1)
runs over the complete one-particle spectrum ψν(r), including a summation over the discrete
part of the spectrum as well as an integration over the positive and negative-energy continuum.
Apart from the direct summation as implemented, for example, by the B-spline ﬁnite basis set
approach [10], the amplitudes (1) can be evaluated also by means of the Green’s function of
the ion. This latter method is particularly helpful for hydrogen-like ions, since the Coulomb-
Green’s functions are known analytically, both within the nonrelativistic as well as relativistic
theory [19,20].
2.2 Density matrix of the emitted photons
Equation (1) displays the general form of the relativistic transition amplitude for the two-
photon decay of hydrogen-like ions. In the following, we shall employ this amplitude together
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with the Green’s function approach in order to analyze the polarization properties of the emitted
radiation. Most naturally, such an analysis can be performed by means of the density matrix
that is associated to the spin-polarization of the emitted photons. Since the application of
the density matrix formalism to the two-photon decay has been discussed at several places
elsewhere [15,21], here we just display the helicity representation of the (two-photon) spin






Mfi(µf , µi, λ1, λ2)M
∗





and where λ1,2 = ±1 denotes the spin projection of the photons onto their propagation
direction k1,2.
The ﬁnal-state density matrix (3) contains the complete information about the total spin
state of the two emitted photons in the decay of an (unpolarized) ion in the level |niji〉. Since,
in our present work, we wish to investigate the polarization of only one of the photons, the






Mfi(µf , µi, λ1, λ2)M
∗
fi(µf , µi, λ
′
1, λ2). (4)
This gives rise to the reduced density matrix that, however, still depends on the wave vectors
of both photons k1 and k2, indicating that the polarization of the “ﬁrst” photon is measured
in coincidence with the “second” one.
2.3 Polarization parameters of emitted radiation
Within the helicity representation the reduced density matrix (4) is a 2 × 2 matrix and can
thus be parameterized by the three real Stokes parameters [22]:




1 + P3 P1 − iP2
P1 + iP2 1 − P3
)
. (5)
In experiments, these parameters are often utilized for characterizing the degree of polarization
of the emitted light. While the Stokes parameter P3 reﬂects the circular polarization, the two
parameters P1 and P2 together denote the degree and direction of the linear polarization of
the photons. These two parameters can be determined quite easily by measuring the intensities
of the light Iχ, linearly polarized under various angles with respect to the reaction plane (as
formed by the directions k1 and k2 of the two photons). While the ﬁrst parameter is given by
the intensity ratio P1 = (I0 − I90)/(I0 + I90), the parameter P2 follows from a similar intensity
ratio, taken at χ = 45◦ and χ = 135◦, respectively.
As seen from Eqs. (4) and (5), any further analysis of the polarization Stokes parameters can
be traced back to the evaluation of the second-order transition amplitude Mfi(µf , µi, λ1, λ2).
In fact, this amplitude accounts for the full interaction between the electron and the radiation
ﬁeld since the operator αuλi e
ikir includes also all the non-dipole terms in the expansion of the
electron-photon interaction. However, since these higher-multipole terms are often small, at least
for low- and mid-Z elements, it seems to be justiﬁed in many cases to treat the electron-photon
interaction in the long-wave (or non-relativistic dipole) approximation by setting eikir ≈ 1.
This “dipole approximation“ is valid if the photon wave length is much larger than the size of
the atom, i.e. for ka0  1 and where a0 is the Bohr radius. For the two-photon decay, this
condition is well satisﬁed for most light ions with, say, Z < 30.
Making use of the long-wave approximation we are able especially to derive an analytical
expression for the reduced density matrix (4) and, hence, for the Stokes parameters of the
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Fig. 1. Degree of linear polarization of the radiation emitted in the 2s1/2 → 1s1/2 (left panel) and
3d5/2 → 1s1/2 (right panel) two-photon decay of neutral hydrogen as function of the opening angle
θ. Results are presented for the exact relativistic theory (solid line) as well as in the non-relativistic
dipole approximation (dashed line) and for an energy sharing x = 0.1.
emitted radiation. Of course, these parameters depend not only on the opening angle θ between
the emitted photons but also on the initial |niji〉 and ﬁnal |nf jf 〉 ionic states. For instance, the
ﬁrst Stokes parameter P1 of the photons emitted in the 2s1/2 → 1s1/2 E1E1 decay is given by:
P1(θ) = − sin
2 θ
1 + cos2 θ
, (6)
while the same parameter for the 3d5/2 → 1s1/2 E1E1 transition reads as:
P1(θ) = − sin
2 θ
13 + cos2 θ
. (7)
In contrast, the second Stokes parameter P2 vanishes identically for both transitions; together
with the negative sign of the P1 in Eqs. (6) and (7), this implies that the E1 photons are linearly
polarized perpendicular to the reaction plane.
3 Results and discussion
As discussed in Section 2.3, the long-wave approximation is valid for analyzing the polarization
properties of the light emitted in the two-photon decay of low-Z ions. It might be questioned
for medium- and high-Z ions for which retardation eﬀects on the electron-photon interaction
become sizable. For the two-photon angle-angle correlation, for example, a signiﬁcant change
was found to arise from the higher multipoles and lead to clear deviations in the angular distri-
bution of the two photons when compared with the (non-relativistic) dipole approximation [11].
In this work, we have employed both the electric-dipole and the exact relativistic treat-
ment from Eq. (1) in order to investigate the relativistic and retardation eﬀects on the linear
polarization of the photons. Detailed calculations along the hydrogen isoelectronic sequence
have been carried out, in particular, for the 2s1/2 → 1s1/2 and 3d5/2 → 1s1/2 two-photon tran-
sitions. For these two transitions, Fig. 1 displays for neutral hydrogen the Stokes parameter P1
of the low-energy photon, measured in coincidence with a high-energy photon under the opening
angle ϑ. Computations were performed within the dipole approximation (dashed line) as well
as the exact relativistic treatment (solid line) which includes all allowed multipole components
in the electron-photon interaction. As expected for ions near the neutral end of the sequence,
both approximations basically coincide and, hence, are well described by Eqs. (6) and (7). That
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Fig. 2. Degree of linear polarization of the radiation emitted in the 2s1/2 → 1s1/2 two-photon decay of
hydrogen-like uranium U91+ as a function of the opening angle θ. Results are presented for the exact
relativistic theory (solid line) as well as in the non-relativistic dipole approximation (dashed line) and
for an energy sharing x = 0.1 (left panel) and x = 0.3 (right panel).
is, the (absolute value of the) linear polarization is maximal for the opening angle θ = 90◦ and
vanishes identically for the parallel (θ = 0◦) and back-to-back (θ = 180◦) photon emission.
Such a depolarization results from the fact that the two-photon emission in either parallel or
anti-parallel direction does not break the axial symmetry for the collision system and, hence,
does not enable one to deﬁne uniquely the reaction plane.
While the long-wave and exact relativistic treatment almost coincide for the two-photon
decay of neutral hydrogen, they start to diﬀer as the nuclear charge Z is increased. As seen
from Fig. 2, the non-dipole terms may result in a reduction of the linear polarization of the
low-energy photon emitted in the 2s1/2 → 1s1/2 two-photon decay of hydrogen-like U91+ ions.
However, such a reduction can be observed only if one of the photons is much more energetic
than the second one, i.e. for either Eγ1  Eγ2 or Eγ2  Eγ1 . For the energy sharing x = 0.1 and
for the perpendicular photon emission (θ = 90◦), for example, the degree of linear polarization
decreases from PL = −1 to almost PL = −0.8 if the higher multipoles are taken into account.
The non-dipole eﬀects almost disappear for a nearly equal energy sharing Eγ1 ≈ Eγ2 of the
two photons (or x ≈ 0.5). For a energy sharing of x = 0.3, especially, the two approximations
do not diﬀer by more than 0.5%. Since the photons are more likely emitted with nearly the
same energy [6], our numerical results imply that the simple analytical expression (6) from
the (non-relativistic) long-wave limit can be applied also for the analysis of the forthcoming
experiments that are planned on the polarization properties of two-photon x-ray emission from
high-Z ions.
4 Summary
In summary, the two-photon decay of hydrogen-like ions has been re-investigated in the frame-
work of the density matrix theory with emphasis on the polarization properties of emitted
radiation. Special attention was paid to the (degree of) linear polarization of one of the pho-
tons measured in coincidence with the second photon whose polarization remains unobserved.
Simple analytical expressions have been derived for such an “angle-polarization” correlation
if observed in the 2s1/2 → 1s1/2 and 3d5/2 → 1s1/2 two-photon transitions. Although these
expressions were obtained within the non-relativistic dipole approximation, they can also be
applied for polarization studies with high-Z ions. For these ions, the higher non-dipole terms in
the electron-photon interaction were found to be of minor importance for the linear polarization
of the emitted photons.
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